A weak parallel Zeeman field combined with the spin-orbit coupling can induce the supercurrent in a s-wave two-dimensional superconductor. It is shown that the conserved linear-response current must include the dressed vertex function to avoid contradictions of previous theories. This current depends nonlocally on the varying in space Zeeman field and can form long-range vortex-like structures. The theoretical analysis involves semiclassical equations for Green functions in dirty and clean limits, as well as the linear-response formalism.
An interplay of superconductivity and magnetism results in a variety of striking physical phenomena that can be observed in very different systems ranging from heavyfermion noncentrosymmetric superconductors to various hybrid systems, which incorporate superconducting and magnetic components. Some of these solids represent a special group of topological superconductors [1, 2] having a great potential for applications in a fault tolerant quantum computing. On the other hand, even systems of a trivial topology can exhibit quite unusual physical characteristics that are determined by fundamental quantum laws, which control superconducting electron systems. In particular, it has been predicted that the Zeeman interaction of electron's spins with static exchange, or external magnetic fields, in combination with the spin-orbit coupling, can induce the supercurrent in a two-dimensional superconductor [3, 4] . A similar phenomenon was also predicted for Josephson junctions [5, 6] . Besides this magnetoelectric effect, it has also been shown that the interplay of the Zeeman and spin-orbit interactions (SOI) gives rise to a superconducting phase having a varying in space superconducting order-parameter [3, 7, 8] , where Cooper pairs are composed of particles with a shifted in k-space center of gravity. In contrast to the magnetoelectric effect, the equilibrium supercurrent in such inhomogeneous phases is absent. This contradiction looks quite surprising, because at weak Zeeman field Z this current must coincide with the current calculated within the linear-response theory in Refs. [3, 4] . More questions arise in the case of weakly varying in space Z. In this case a perturbation theory of Refs. [3, 4] results in a local linear relation between the current j and Z. Since the charge conservation requires divj = 0, it imposes a constraint on possible spatial variations of Z. Such a constraint is, obviously, physically meaningless.
A goal of this work is to construct a theory consistent with the current conservation law and which allows to reconcile contradicting results that follow from the linear-response formalism and the analysis of the inhomogeneous superconducting phase. A way to resolve this problem can be found from an observation that the magnetoelectric effect has common features with the Meissner effect. Indeed, in the former case the spin-orbit and Zeeman interactions give rise to an effective phase that is accumulated by the wave-function of the paired electrons, very similar to the phase produced by the vectorpotential of the magnetic field in the Meissner effect. This similarity may be seen in the Ginzburg-Landau functional [7] and in the Usadel semiclassical equations for a superconductor-ferromagnet-superconductor junction [5] , where a combination of Zeeman and SOI fields enters as an effective vector-potential. Despite such a similarity, a fundamental distinction between two phenomena takes place. Indeed, a gage of the electromagnetic vector-potential can always be chosen such that divj = 0 and the charge is conserved, while one can not apply a gage transformation to Z. On the other hand, the current must be independent on a particular choice of the gage. The latter problem has been addressed in early studies of the Meissner effect. It has been found out [9] that a proper linear response theory must take into account the terms that are beyond a simple mean-field BCS theory. Namely, a renormalization of the current vertex-function due to the electron-phonon interaction must be taken into account, besides the self-consistent BCS self-energy of quasiparticles. This renormalization results in a counterflow of the condensate that screens out the "unphysical" non-conserving current. These ideas will be generalized to the considered here problem. An important result of such an analysis is that j depends on Z in a nonanalytic way. For example, it is finite when Z slowly varies in a transverse to j direction, and turns to zero for longitudinal variations. This explains the contradicting results obtained in previous works. Actually, the current calculated in Refs. [3, 4] coincides with the transverse one, while the oscillating in space order-parameter in [3, 7, 8] can be associated only with the zero longitudinal current. Furthermore, in contrast to the Meissner effect, where the longitudinal current can be eliminated by an appropriate choice of the gage resulting in a local relation between the current and the transverse vector-potential, in our case both transverse and longitudinal parts of the effective "vectorpotential" are represented. This leads to a nonlocal longrange relation between j and Z, giving rise to unusual vortex structures that can be produced in some geometries by the varying in space Z.
Kubo formalizm. In order to illustrate how the vertex corrections modify the supercurrent, let us first consider a simple case of a clean two-dimensional superconductor in the presence of a weakly varying in space Zeeman field Z q , where q is the wave-vector. The Zeeman field will be assumed weak and directed parallel to the electron gas. The linear response theory with respect to Z q gives the following expression for the thermodynamically equilibrium charge current [10] :
where J q,k is the dressed current vertex and
−1 is the Matsubara Green function. The BCS Hamiltonian H BCS is given by
where ǫ k and E F are the electron band energy and the Fermi-energy, respectively. The unperturbed superconducting order parameter ∆ 0 is chosen real. The 2×2 operators σ = σ x , σ y , σ z and τ = τ 1 , τ 2 , τ 2 are Pauli matrices in the spin and Nambu spaces, respectively. The corresponding destruction field-operators are defined as c k,
, and c k,↓,2 = −c + −k,↑ , where arrows and the integers "1" and "2" denote the spin and Nambu variables, respectively. The second term in H BCS represents the spin-orbit interaction. The spin-orbit field h k is assumed to be a linear function of the electron wave-vector k and is parallel to the x, y plane. It can be, for example the Rashba field h [12] . The latter interaction can be transformed to the Rashba SOI by an appropriate unitary rotation of spin operators. Therefore, only the Rashba SOI will be considered below.
The current vertex in Eq. (1) is calculated as a sum of ladder diagrams in the perturbation expansion over the electron-phonon interaction, because at q → 0 this sort of diagrams usually have poles associated with collective modes [10] . On this reason one can not simply set q = 0 in Eq. (1), even at small q. The summation of the ladder series leads to the Bethe-Salpeter equation for the matrix elements J nm q,k of the vertex J q,k , where the labels n = (n τ , n σ ) and m = (m τ , m σ ) denote both spin and Nambu variables encoded in the subscripts σ = ±1 and τ = ±1, respectively. This equation has the form
where Ψ(q, k) is given by
is the bare current operator, and the attractive s-wave short-range electronelectron interaction V is represented by the matrix elements
The coupling parameter λ has the high-frequency cutoff ω c . A particular case is the proximity induced superconductivity which requires a special analysis. The above equation can not be formally applied to such a situation. Note, that the long-range Coulomb interaction does not play any role in the considered static problem, where the system always stays locally electro-neutral. The dressed vertex J nm in Eq. (3) contains spin-singlet and spin-triplet components. The former is divergent at small q → 0, because it is associated with the Cooper scattering channel of quasiparticles with opposite spins. Therefore, it is reasonable to take into account only the singlet part in the second term of Eq. (3). The details of the calculation are presented in "Supplementary Material". Finally, at v F q ≪ ∆ 0 and h k the current in Eq. (1) is obtained as
where
.
(7) The current in Refs. [3, 4] can be obtained from Eq. (6) by retaining there only the term proportional to δ ij . An important feature of the whole expression is that it is transverse with respect to q, so that the current is conserved. It depends on q in a singular way. For example, let us assume that the Zeeman field Z q is directed parallel to the x-axis and varies slowly in the x-direction (q x = q, q y = 0). Then, for the Rashba SOI Eq. (6) gives j x = 0 and j y = −αKZ x q . This result corresponds to the magnetoelectric effect considered in Ref. [3, 4] . Alternatively, if Z varies in the y-direction the current turns to 0. This situation corresponds to the null current in superconductors with an inhomogeneous order-parameter [3, 7, 8] , because in these systems the inhomogeneity occures just in the "longitudinal" (parallel to the expected current) direction. The order parameter oscillations do not appear in the linear-response theory. Hence, a nonlinear in Z theory is required to take them into account. At the same time oscillations of the order parameter can be ignored, as long as q ≫ q 0 , where q 0 is a period of these oscillations, q 0 ∼ mαZ/E F at h kF ∼ ∆ 0 [3] . The supercurrent consists of a current that is directly induced by the Zeeman interaction and a condensate counterflow. These two contributions are represented in Eq. (6) by the first and the second terms, respectively. It is important that the latter is nonlocally related to the Zeeman field. To see this let us introduce the "magnetic" field B eff = −(mc/n s e 2 )Kα∇Z, where n s is the density of "superconducting" electrons and m is their mass. Then, by integrating rotj in Eq.(6) over some region we obtain a relation that is well known from the theory of the Meissner effect, with B eff instead of a real magnetic field:
where λ L = mc 2 /4πn s e 2 is the London penetration depth and the current is integrated along a curve enclosing the region. Let us consider, for example, the Zeeman field configured in the form of a strip with Z directed along it, as shown in Fig.(1) . Then the effective "magnetic" field B eff is not zero only in a narrow range cloze to the edge of the strip where ∇Z = 0. The current, in turn, is induced far from the edge and decreases gradually as 1/r. Hence, a tip of the strip in Fig.1 plays the role of the center of a vortex carrying the magnetic flux Φ = B eff dS. A similar effect can be produced by a magnetic domain wall, or a scyrmion. Eq.(8) may also include a quantized term associated with the condensate's phase winding up along the contour of integration. The corresponding flux quantization effect can be observed at Φ > Φ 0 , where Φ 0 = πc /e is the flux quantum. For a strip in Fig.1 , at ∆ 0 h kF , one can evaluate from Eq. (7) and from the definition of B eff the ratio Φ/Φ 0 ∼ (αmW/ )(Z/E F ), where W is the strip width. For typical superconductors and weak Z this ratio is small, at least for not very large αmW . It is noteworthy, that Φ/Φ 0 1 at W larger than the period of the order-parameter oscillations in the inhomogeneous superconducting phase [3, 7, 8] .
Semiclassical equations. The above analysis has been restricted to the small wave-vectors q. In order to calculate the supercurrent within the scales comparable to the Cooper-pair coherence length and the spin-orbit length /αm it is convenient to employ the semiclassical theory [13] for the Matsubara Green function G(t 1 , r 1 ; t 1 , r 2 , t 2 ) (for a review see, for example [14] ). This function depends on the two space-time arguments t 1 , r 1 and t 2 , r 2 . In the considered stationary case it can be represented in the form of a mixed Fourier transform G k,ωn (R), where R = (r 1 + r 2 )/2 and k and ω n are the Fourier variables associated with space and Matsubara time differences (r 1 − r 2 ) and (t 1 − t 2 ), respectively. The semiclassical equation for G k,ωn (R) has the form
where the symbol {., .} denotes the anticommutator, Z = τ 3 (Zσ) and ∆ = ∆ 0 τ 1 τ 3 +∆ Z . ∆ Z is a correction to the order parameter due to the Zeeman field. In Eq. (9) coordinate arguments, as well as frequency and wavevector subscripts of G, ∆ and Z are not shown explicitly.
The left-hand side of this equation describes electron's scattering on a short range δ-correlated disorder. The scattering life-time is given by τ scat . The dimensionless density function g is defined as g = (πN F )
Eq. (9) must be appended by the gap equation. By representing the order parameter in the form ∆ Z = ∆ Z1 τ 1 +∆ Z2 τ 2 this equation can be written as
where i = 1, 2, and G Z is the perturbed part of G. Usually, the semiclassical equation is integrated over ξ = ǫ k − E F to get the Eilenberger equation [15] for integrated over ξ Green's functions with a fixed direction of the Fermi momentum. It can not be done in our case, because it is important to resolve two Fermi surfaces corresponding to spin split electron bands where electrons have slightly different velocities. Therefore, Eq. (9) will be analyzed, as it is, with the spin split effects taken into account up to the first order with respect to α/v F . Let us first consider Eq. (9) in the absence of impurities and at small q. In this regime the current must coincide with Eq. (6) obtained within the linear-response formalism. Again, Z is treated as a perturbation. Therefore, in the leading order, in all terms of Eq. (9) that contain Z and ∇ R ∆ the function G can be substituted for the unperturbed function τ 3 G 0 . After linearization of Eq. (9) with respect to G Z and ∆ Z it can be Fourier transformed with respect to the spatial coordinate. It is convenient to write this equation in the basis where the operator M = ω n τ 3 + ∆ 0 τ 2 + ih k σ is diagonal, so that its matrix elements are M mm = τ ω 2 n + ∆ 2 0 + ih k σ, where m = (τ, σ). In this basis G 0 k is also diagonal. Finally, Eq. (9) takes the form
whereG 0 = τ 3 G 0 and R nm corresponds to the last term in Eq. (9) where, within the perturbation theory, G is set equal toG 0 . The first term in the right-hand side has to be treated perturbatively, since it carries the small parameter α/v F . Hence, in the leading approximation it must be set to zero. This term, however, gives an important contribution in the next iteration. The current and the correction ∆ Z to the order parameter can be further calculated from Eq. (10) and
The details of the calculation can be found in Supplementary Material. As expected, the current coincides with Eq.(6). In turn, the correction to the order-parameter originates from its spatially dependent phase which is induced by Z. It is given by ∆ Z = τ 1 ∆ Z1 , with
where Ω n = ω 2 n + ∆ 2 0 . It is seen from this equation that the gradient ∇ R ∆ Z is finite in the direction parallel to the vector ∇ k (Z q h k ) = α(Z y , −Z x ). It is proportional to the order-parameter phase gradient. The latter gives rise to a condensate counterflow resulting in the zero total longitudinal current. At the same time, in a direction that is transverse to ∇ k (Z q h k ) the order-parameter stays constant in space, so that the current counterflow in this direction does not appear and the total current stays finite. Now let us consider Eq. (9) in the case of a dirty superconductor where the electron mean scattering rate τ −1 scat is much larger than ∆, h kF , Z and v F q (see Supplemental Material for details). In this case it is possible to express the Green function G through the density function g by expanding Eq.(9) in terms of a small τ scat . Then, by integrating G over k and keeping the small terms α/v F , up to the first order, one arrives to closed Usadel equations for matrix elements of g. They resemble the equations derived earlier for a Josephson junction [5, 16] . Some new terms, however, appear that are caused by the finite ∆. These equations couple the singlet components of g, which describe a conventional singlet pairing, to triplet pairing functions. The latter three functions are, in turn, coupled to each other due to a spin precession in the spin-orbit field. The singlet-triplet coupling is relatively weak. It corresponds to the spin-Hall effect and has the same form as in normal systems [16] . Further, the current and the order-parameter in Eqs. (12) and (13) can be expressed via g. By, introducing the unit vectors κ q and ν ⊥ q, such that (κ × ν) z = 1, the current can be represented as a sum of the longitudinal (κj q ) and transverse (νj q ) parts. It can be shown that the longitudinal part turns to zero, as dictated by the current conservation. The transverse part, in turn, is given by (14) where Γ = 1/2τ scat and D = v 2 F τ scat /2 is the diffusion constant. Two last terms in this equation are determined by the triplet components of g which are induced by the Zeeman field. By calculating these triplets from the Usadel equation we arrive to the current that has the same form as Eq. (6), with K substituted for K ′ given by
where Γ s = h kF /Γ is the D'akonov-Perel spin-relaxation rate [17] . This equation is valid for an arbitrary ratio of Dq 2 to ∆ 0 , or Γ s . Hence, it can be used in the range close to the core of the vortex in Fig. 1 , at least down to scales of the order of the electron's mean free path.
In conclusion, similar to the Meissner effect the longitudinal part of the supercurrent, that is induced by the inhomogeneous Zeeman field, is screened by the condensate counterflow. In contrast to the Meissner effect, however, this counterflow can not be gaged out, leading to the long-range current that is not locally related to the Zeeman field. The difference between the longitudinal and transverse currents can also explain why the current previously calculated within the linear response theory disagrees with that expected in the superconducting state with an oscillating order-parameter. This problem, however, requires a more scrupulous study. In a more general theory one must take into account an inhomogeneous Zeeman field together with the spatial oscillations of the order-parameter. Such a theory is beyond the linear-response approximation employed in this work.
Supplemental Material

S1. LINEAR RESPONSE. KUBO FORMALISM
It is convenient to represent the second term in Eq. 3 in the form
where T satisfies the equation
where Ψ = k Ψ(q, k). In the singlet channel, where the spin labels l σ = t σ and n σ = m σ the matrix T is singular at q → 0 and, hence, dominates in Eq.(S2). Note, that in the initial representation of Fermi operators this channel at q → 0 corresponds to a scattering of two particles with opposite spins and momenta, that is associated with the Cooper singlet pairing. Accordingly, only the following matrix elements are retained in T :
Therefore, the following components of Ψ enter into Eq.(S2):
where the trace is taken over the spin variables and superscripts in G denote the Nambu variables. From Eqs. (S2) and (5) we obtain T 11,22 + T 12,12 = − λ 1 − λΨ 11,22 − λΨ 12, 12 , T 11,22 − T 12,12 = − λ 1 − λΨ 11,22 + λΨ 12, 12 .
Further, by inserting Eqs.(S1) into Eqs. (3) and (1) the current can be represented in the form
where T db,ac are given by Eq.(S5) and repeated subscripts are summed up over the Nambu variables. The first term in this equation represents the current calculated with the bare current vertex
. This bare current is given by
The second term in Eq.(S6) originates from the condensate's counterflow, where
The thermal Green functions in these equations are given by
Integrals over k with these functions are calculated approximately, up to linear in α/v F terms. After substitution the Green function (S9) into Eq.(S8) and Eq.(S4) we obtain
where Ω n = ω 2 n + ∆ 2 0 . Since Γ J 12 and Γ Z 12 are antisymmetric with respect to the Nambu indexes "1" and "2", the matrices T enter into Eq.(S6) in the combination given by the second equation in Eq.(S5) which, in turn, is determined by Ψ 11,22 − Ψ 12,12 . The latter can be calculated from Eqs.(S4) and (S9). By expanding Ψ up to q 2 we obtain from Eq.(S5)
During calculation of this expression the self-consistency condition 1 + λπk B T N F ωn<ωc n
(1/Ω n ) = 0 (λ < 0) has been taken into account. On this reason only the term ∼ q 2 retains in the denominator of T 11,22 − T 12,12 in Eq.(S5), leading to the q −2 divergence of (S11) when q → 0. Further, the second term in Eq.(S6) is obtained by substituting Eqs.(S10-S11) into Eq.(S6), while the bare-vertex current (S7) is given by
By combining all terms in Eq.(S6) we arrive to Eq.(6) of the main text.
S2. SEMICLASSICAL EQUATIONS
Clean superconductor
In this section Eq.(1) will be derived in the framework of the semiclassical theory. Again, vq will be assumed much smaller than ∆ 0 and h k . The starting point is Eq.(11) which allows to calculate the first-order correction to the Green function with respect to the Zeeman field. This correction is given by
The second term in Eq.(S13) is the first-order correction with respect to ∇ k h k ∼ α ≪ v F which is associated with the spin-orbit correction to the particle velocity. The matrix R nm , which was initially written in Eq. (11), is not presented in Eq.(S14) because it does not contribute into Eqs. (10) and (12) for the current and the order parameter, at least up to the order of E/E F , where E is one of the "small" energy parameters: h, ∆, Z and v F q. In the adopted basis, where the operator M = ω n τ 3 + ∆ 0 τ 2 + ih k σ is diagonal, the Pauli matrices in the spin and Nambu spaces are transformed according to
where sin φ = h x /h, cos φ = h z /h, sin θ = ∆ 0 /Ω n , and cos θ = ω n /Ω n . Coordinate axes are chosen in such a way that the z-axis is parallel to the vector h k and the y-axis is perpendicular to the two-dimensional electron gas. By substituting these transformed matrices into Eqs.(S14) and Eq.(S13) one can easy calculate G Z and, thereby, to express from Eq.(12) j q through Z and ∆ Z . In turn, ∆ Z is expressed through Z and ∆ Z via the selfconsistency equation (10) . Integrals over k in Eqs. (12) and (10) are calculated up to the leading order with respect to α/v F . Accordingly, two typical integrals with the Green's functions (S9) and a slowly varying function f (k) have to be treated in the following way:
where ξ = ǫ k − µ and φ is a polar angle. By resolving the selfconsistency equation we arrive to ∆ Z in a form of Eq.(13) and the resultant current is given by Eq.(6), as expected.
Dirty superconductor
In a dirty superconductor the elastic scattering rate 1/τ scat will be assumed much larger than ∆ 0 and h k . In this Subsection vq will not be restricted to values smaller than ∆ 0 and h k . At the same time, the restriction vq ≪ 1/τ scat still holds. The Green function in Eq. (9) can be represented as a sum of an unperturbed function and a linear in Z perturbation. In the presence of impurity scattering the unperturbed functionG 0 k differs from (S9) by a renormalization factor λ = 1 + 1/2τ scat Ω, namely, one can obtainG 0 k from G 0 k by substituting ω and ∆ with ωλ and ∆λ. Therefore, G has the form
where G s Z is the angular symmetric part of the perturbed Green function and G a Z is its first angular harmonic. Higher angular harmonics contain higher powers of the small parameter τ scat [14] . By subtracting the first harmonics Eq. (9) is transformed, after linearization, to
where (9) over k. We thus obtain
The second and the third terms in this equation can be calculated from Eq.(S18). As a result, we arrive to a set of closed Usadel equations for G s Z τ τ ′ . A major contribution to the current is given by nondiagonal in Nambu space elements of G s Z τ τ ′ . In turn, these elements can be spin singlet, or spin-triplet components of the pairing function. The former is a scalar in the spin space. It will be denoted as G s Z τ τ ′ singlet ≡ g τ τ ′ s . At the same time the triplets are represented in the form G s Z τ τ ′ triplet = g τ τ ′ κσ + g τ τ ′ ⊥ νσ + g τ τ ′ z σ z , where κ = q/q and ν =ẑ × κ. The Usadel equation for the singlet has the form
And the set of equations for the triplets is
where Γ s = 2h . Eqs. (S20) and (S21) are equations for the singlet and triplet pairing functions that are decoupled from each other. In reality, there are terms that couples these equations [16] . They are similar to those that mix spin and charge densities in normal metals, where they are responsible for the spin-Hall effect. Such a small mixing has been neglected here. Up to the leading terms, the operators in the right-hand sides of Eqs. (S20) and (S21) are given by
Eqs. (S20-S22) allow to express G s Z τ τ ′ singlet in terms of ∆ Z and Z. In turn, the order parameter ∆ Z can be calculated self-consistently from Eq. (10), which takes the form:
At the same time ∆ Z2 = 0. Indeed, as it follows from Eq.(S22), the first and the second terms in the right-hand side of Eq. (S20) are proportional to (τ − τ ′ ) 2 . Hence, g s ∼ (τ − τ ′ ) 2 , so that T r[τ 2 g s ] = 0. Further, it can be proven that the longitudinal current j q κ = 0. Indeed, in the singlet projection of Eq.(S19) the third term vanishes, while a sum of the second and fourth terms just determines the longitudinal current. Hence, this current can be expressed through g s and the last term in the left-hand side of Eq. (S20). By calculating them from Eqs. (S20) ,(S22) and (S23) it is easy to see a cancellation of the first and the last term in the singlet projection of Eq.(S19).
The transverse current j q ν is obtained from Eq. (12) by combining Eqs.(S18) and (S19), which results in Eq. (14) . This current is determined by g and g z . These pairing functions can be found, in turn, from Eqs.(S21). It should be taken into account that for the Rashba spin-orbit coupling αZ = −ν∇ k (Zh k ). By substituting the so found functions g and g z into Eq. (14) we arrive to the final expression for the current Eq.(6), with K given by Eq. (15) .
